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A\ (L) := min Nyl det(2):

N (£) € Jn det(2)"
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\ (£) = min Nyl | | det(®):=[det(s78)
ye{ - volume

7 # 0 T Sen -
pomt

I
density,

N (£) € (0 det(2)"”

SVP: Find v €& with lIvil=\,(X).
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N\ (L) := min Nyl
ye{
J#O0

R
det() := \/Te{-(BTB)
= volume - [
point density,

N (£) € (n det(2)"

SVP: Find v€&ZX withilvil=

A ().
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¥ - appraximate (H)SVP: Find v € X:
Ivll € ¥ det(R)
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Ba\sis Rec)ucl—ion A'gorH:hms

= All basis reduction a'gorithms follow the basic approach

of LLL: iterctively improve the besis by So'vin’ SVP exactly
in Smeller dimensSion.

= Analysis is intricate
= Qur best lrractic«l) a’goro‘t\ams are hevristic

- This taele: match Basis Reduction tradeoff

with an "Algorithms 101" -style recursive algorithm.

.H

Y .
- Recurse on oo smaller- dimensional lattice

- Should be a Svb/attice

- But should still heve short vectors —i.e., smecll determinant.
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Y- DSPQ(:L): Find 'c £ of renk £

Such that det(') € ¥-det (L)
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The Densest Sublgttice Problem

X
A suvblettice ‘.ﬁ' of & 15 the y
wntersection of £ with a subspace. e o o o o

Y- DSPQ(:L): Find 'c £ of renk £

Such that det(Z') € ¥-det (L)

éei(é’.') : Y .
| . — / 1s the best possible
X(il i) ° ae+(i)1/n gﬂ ) ﬂ n gencra' (for worst-ces @ i)

¥-DSP with £=1 is exactly ¥-SVP




An approach for so’vinj SVP

A(R):
1 Find dense sublettice 2'c £

(some hew)

2. Return A(ZL! )

¢ For the base cese, when renk ()= K,
ovtput SV P (L) —thet is, vse cn exact alaofithm.
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¥-DSP s Composab|e
Consider 3" c¢ X' € 4.

ey, —DsPl(:ﬁ) mD £ € ¥,-DsP,, (L)

= £y %" '")-05P, (L)




¥-DSP s Composab'e
CaﬂSiéeV i“ < i. c A

'i. € b', ‘Dspl(i') AND i'e XZ-DS.PM(;L)

= £'c(¥ - ¥"'")-05P, (L)

Proof. ée‘t(i") <Y, - ée{-(i')n/m

/
C 8 (8, 9e42) ) 2y 8 e s




X" DSP is Self-Duval

i*:z {we sPcn(i): Vyé ;ﬁ' w, y? E Z}

(2*)"= % det(X*) = 1\ /et (R)

- There is a bijecticn frem raonk A
Sublettices of 2 40 remie (n- 2) sublettices

*
of i, prese/vina the Cpp roxXimction facter!

Importint Specicl Case:

'
-DSP
-3. € ; l(i) we Y-svP ()
=
2N (£) % ¥-DsP_(R7) | | 20wt cvosna@®
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i*== {we sPcn(i): Vyé ;ﬁ, w, y? E Z}

(2*)"= % det(X*) = 1\ /det(R)

- There is a bijecticn frem raonk A
Ssublettices of 2 40 remie (n- 2) sublettices

L 2
of i, prese/vina the Cpp roxXimction facter!

Importint Specicl Case:

|
-DSP
-3. c ; ‘Q(i) we ¥-sve (Z)
=
2*N (') e ¥-DsP_ (L) Znwt € ¥-DsF ()




Warm-up: =1 (SVP = SVP)

-Plen:

1. w &« A(2")
>, 2= 20wt

3. Ovtput A(2').

— Base case: if ronk(L) = Kk, orput SVP(L).
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Warm-up: =1 (SVP = SVP)

-Plen:

® Choase initial ”éepﬂn'pennei-Cr"

1. w &« A(2* T=1)
> 2':= 20wt
2. Ouvtput A(2) T)

— Base cases:
f T=0, ovtput LLL(Z, 1)

£ rank (L) = K, ostput SVP(L).
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/A\f\a ')/SFS

1. w &« A(Z, T-1)
2. *;L':: 20N W'L

2. Ouvtput A(2, T)

Y(n, T) £ X(Yi i') Y(i.' 2) "

= ¥y, ) ¥lw, 27



Af\a ')/Sis

1. w & A(Z2’ T-1)
2. *;L' = £ 0N W‘L
2. Output A(Z, T)

Ylﬂ) t‘ < X()’: i') Y(i.o i) !

L
= ¥(y, &) ¥lw, 2"
= ¥(n=1,T) - X(n,T-D""



Af\a ')/SFS

|
Y(n, T) € ¥(n-1,T) - ¥ln, T-1) """

¥(n, 0) = 2"| |¥(x, T) =/} |

® Can check thaot by induction

n-| —_
Z(ﬂ) T) ﬁ K 2(k=-1) ex,:(ng/zl)

. Tm(ins T= O(ﬂos n) recovers block reducticon:

‘)’: (l+o('))i<%:‘_1”




Af\a 'ysis

e SVP oreccle cclls domincte runtime.

C(n, T) = Cn-1, T) + C(n,T-)

o lssve: Cell tree Inishl,v un be)enceld.

@,

Clk,T)= I C(n,0)=0
Cin,T) = n—v<+‘r-l) ~ n-r:nouagn)
T
ﬂ,(n’
nlevcls levele

:bzf




TcKe Two: 2> 1| (DSP_—_-} DsP )

’P'Gn:
o ChooSe imiticl T = 0(105 n)' O<EK).

1. 2 &— A(i*o Een, t")
> 2':= 20 (2)°
3. Ovtput A(Z2, 1,T)

- Base cases:
f T =0, ovtput LLL(Z, L)

£ ron(L) =k, ontput DSP(L, L)



Texke Two: 2> | (DsP=> DsP )

"P'Gn:
o Choose inmiticl T = O(log n)' O <E€<&|.

1. i\ é—A(i*o Een , t'.)
> 2':= 20 (R)°
3. Ovtput A(Z2, 1,T)

\A/hat i (‘cnl(.(ﬁ')z(l—e)n < 172

Cen't Find a 'crgef- reak svblcttice)




Tece Two: 251 (DsP=> DsP )

-Plen:
o Choose initial T = O(fogn), O<E <<

0. If A >n/2, i
ovtput L N (A(it n-2, T)) .

1. 2« A(ZY Tend, 1)
5. = 20 ()
3. Ovtput A(Z', L, T)

— Base cases:
f T=0, ovtput LLL(Z, Q).
£ ronk(L) =k, onpst DSP(L, 2).
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Af\a |ysis

o C = Po.)'(n) ovccle celis!

® Recurrence becomeg

X(n, 2, T) < Y((-€n, 2, T)- ¥(n, €n,T)

J 4

(-€)n

¥(n, 4, Q) = an ‘

2(k-2)
X(K, 2, 1‘): /6.‘" ~ K 2(k=-1)

* Cen check ¥(n, 4, T) & 70 . exP(ﬂzﬂ(n-!?)/ZT)

2(n-2)
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o C = Po.)'(n) ovccle cellis!

® Recurfence becomes'

2
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( To hendle +the Auc.liL/ step, note thet the guess IS s)/mme‘cwic
Under 2 = (n-2).)



Af\a 'ysis

o C = Po.)'(n) ovccle cellis!

® Recurfence becames'

2
K(n, 2,T) < ¥((1-€dn, 4, T)-¥(n, €n, T)*"
s % 0) = 2™ | 20k -2)

Y(K, 2, 1‘): 5.‘" ~ .< 2(k-1\)

2(n-2)
* Cen check ¥(n, 4 T) & 2™ . exP(ﬂzﬂ(n-!?)/ZT)

( To hendle +the Auc.liL/ step, note thet the guess IS s)/mme‘cwic
Under 2 = (n-2).)

2in-2)

Y = (l+o(‘))l<m
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| Y-DSPy(L): Find 'c L of renk L
204 (¥) Such that det(2') € ¥-det (2)*".
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Basis Reduction
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Time /Y Tradeoffs for ¥-DSP,

| Y- DSP,,(;&): Find 'c L of renk £
f04 (¥) Such that det(2') € ¥-det (2)*".
/N
LLL
oln 2)
[Liegz] | 4 2
o(k 2)
Basis Reduction £

[Lwm, wal 2t ]

° Req_u}res 2 £K.

}O(”D
Pobla) T +—> Log (T)
poi, (n) Enumeration

[oMi13 ]




Analysis

® C_ = Po.)'(n) orcde Cells!

o Recovers baesis reduction, 2(n-2)
even for 2 > K! ¥= (1+0(1) k2D




Analysis

° C_ = Pol)'(n) ovccle cells!

o Recovers baesis reduction, 2(n-2)
! Y= (1+0(1)) k3D
even for 2 > K.

2(k-2)
* Relies 0n conjecture [~ =~ ¢ 2(<

e DSP orecle calls cre expensive,



SVP
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A
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C hq“enses

e The b63 clnallenje: moke Suré +that

|ﬂ=K§£=l Cor A=n-=))

o So’v'tion 10@a: maintain the iNvevieant Lthat

A

Riamintl, n-2} € n-x+1

* Saugeze £ to the extremes!

o Prol,lem: Recurrence not favarable when R is |av5e.

Solution idea: When L is ’a/sc, be patient:
don't reduce the Jeptln paremeter T.



The Reduction

Start with L <N=-K + 1|,

* Duality: if maxf{) 2®}ca¢ 2

R A >Ddn- mex {1, ozl

oviput L N A(L, n-2, t),'"

° Recvrsive step:
T « Az, [g9] t-b)

J

OV“'PV‘ A(in(i“.l 11 T)°

e Base cases:
£ T=0, output LLL(Z, ).
£ rank(L)=x AND 2:=1, retura SVP().




Ana'ysis: Ke)/ LemmaS

ANl con be
Lemma 1. Al recurcive cclls sctisfy verifiel d.‘reci-l)«
min {2, n-l} € N-K+1. Frem loc:) checks!

'=$ Algorithm does not get "stuck"

Lemma 2. The potenticl @(n,‘l’):‘: T+ 20 Ioj(ﬂ—i‘*l)
JVOPS Ly at least 1 €from Ptveﬂ" to sfcn()ch.'“-

> poly(n) rFuntime (oreacle calls).

A2(n-2)
Lemma 3. The guess £(n, £, T):= K 27" . exP(n‘/ZT)

sctisfies the recurrence induced by A.

XN 2(n-2)
Achieve basis reduction tradeoflf ¢ 2%
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COmPu‘ter- Aided Secrch

 Our DSP = SVP involved tricky pevemeter choices.
Why not let+ the computer do i+?

» '
Duality: if coNDITION(n, 2,T), oviput £ N A(Z, n-2, <)

Rccvrsive step: i\ - A(i‘, 1*' C*)
Output A(ZO(2V, 2, ¢c-<*).
Bas€ cases: T:0, ovtpt LLLIEZ,2); if n= k AND L=), ovtput SVP(R).




COmPu{-er- Aided Secrch

 Our DSP = SVP involved tricky pevemeter choices.
Why not let+ the computer do i+?

. 1
Duality: if coNDITION(n, £2,7T), ovtput £ N A(L, n-2, C)

Rccvrsive step: /i\ - A(i‘, 1*' C*)
Outpet A(ZO(EY, 2, c-<*).
Bas€ cases: T:0, ovtpt LLLIEZ,2); if n= k AND L=, ouvtput SVP(R).

o Usinj dyncmic progremming, solve

X‘n, n*oQ) C) ,Q

Min min _9* et n 2t c*)r-¥
1< p*sn-k c¢c*<¢C X(n I'I'CC)K( )= )

b’(n, ,Q, C):: mn




Results

¢ OP tim t.' DP <olu tion bounds fi;ozof fgg‘;?

DSP = Svp querentec.
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Results

E=
€ = 40000

oy

n =35 n =30

® OP{tho' DP solution boum)s fi:o:,? fi‘sée;?

re tke r MGSS; ve'} i MP ro Ve on ﬂ_%/, “""»."_35 "_3;__,,,-

DSP = Svp querentee.

n =50
L= £=1a £=1a if=13
€ = 1000 € = 9000 € = 10000 € = 20000
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2751 *
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Results

n =35 n=al

* Optimal DP solution bounds - .

DSP = Svp querentee.

n =35 n =37 n = 50
(=i £=1a £=1a if=13
€ = 1000 € = 9000 € = 10000 € = 20000
NS N P

K=10

S
n

S0,
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Mixmg and Ma+¢hin3 Ovreccles

. Roush estimate: SO'vify SVP in dimension "N texes time 2"

OP‘I:ECMG’ Base Cese: Fer all T 2 Zn,

X(ni 1, T) - J—V\‘
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MiXing and Ma-tchms Ovreccles

. Roush estimate: 50'\/5/5 SVP in dimension "N tcxkes time 2n

OP‘I:iCMG’ Base Cese: Fer all T 2 Zn,

X(nl 1, T) - J—r\‘

3
N
LA
N
\q \.w ,,\ b G BB-0-2 B S-5-0-6 O 650 & G-8-0 & PE? D S 6-6-2
8., X
101 \ “'*o-oom-oom-oom*om-oom-ooo—o
7 L]
] \
VLN,
l\ Y \
J L |
—e~- Anyk \‘ \ \
| o 3 B \
Fixed k=5 ‘\\o-o o-'-*o-o~ -0-0u05 & sog
{ —e- Fixed k=10 . ™
- \ q
—&~ Fixed k = 20 e % %
| : 2 - v - &
=o - Fixed k = 30 "&\ ‘;
| =&~ TFixed k£ = 40 “-..._::o-o-ﬁo-oo-o-ﬂ
== Fixed £k =49 il - NOPE
102 10 106 103 1010 1012 10" 10'e

Running time 7



HSVP approximation factor v

MiXing and Ma-tchins Ovreccles

o Roush estimate: Solvifg SVP in dimension N tcxes time 2n
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Futu re Di rections

e Explore the éesign space

o Tunina Pr.rawle“:evs +o0 exPDo.‘i‘ Stvuctuve

- Trees of higher arity?

¢ Bas.’s Reéucl-ion and Recursive Lattice Reduction

e Is there a formel relctionship?
¢ Cen recursive lettice reduction ccpruve LLL?Z
o Mi)( wond Match?

¢ Practicel behavier: |mplementction
and heuristic oac.lySSS

¢ Study reductions that use very few oracle calls.
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